Dirichlet's theorem on arithmetic progressions called as Dirichlet prime number theorem is a classical result in number theory. Atle Selberg[1] gave an elementary proof of this theorem. In this article we give an alternative proof of it based on a previous result of us. Also we get an estimation of the prime counting function in the special cases.
Definitions and some basic facts recalled
For the details of the notations, definitions and theorems in this section please refer to the paper [2] .
Let tp 1 , p 2 , . . . , p n , . . .u be the set of all primes, where p n denotes the n-th prime number. πpxq is the number of primes which are less than or equal to x. N is the set of positive numbers. Let M pn " N´t2k, 3k, 5k, . . . , p n k | k P Nu, and D pn be the set of difference of two consecutive numbers in M pn , that is,
where x i is the i-th number in M pn . We call the minimum subset P pn occurs periodically in D pn as the pattern of D pn . The number of elements in the pattern P pn is called the period of D pn . We write it as T pn and it is T pn " p2´1qp3´1qp5´1q¨¨¨pp n´1 q.
Note that it is also the number of elements of D pn .
The length of the pattern P pn is defined as the sum of the elements in the pattern. We write it as LpP pn q, and it is equal to ś n i"1 p i . It is also related to the last element in M p0q pn . Here M p0q pn denotes the first block of M pn corresponding to P pn (just like M p0q 7
in Figure 1 ). In fact, the last element in M p0q pn is 1`LpP pn q. A useful observation is that the number of the elements in M p0q pn can be computed as follows:
It shows the relation with the zeta function ζpsq in case of s " 1. 
are consecutive primes.
In this paper, we always write log x to stand for ln x.
Dirichlet's theorem
We will use the Erdős estimate about Chebyshev's inequality to prove Dirichlet's theorem.
Lemma 2.1 (Chebyshev). There are two positive constant c 1 ď 1 ď c 2 , such that c 1 x log x ă πpxq ă c 2 x log x holds for all x ě N for some positive integer N . If set N " 2, then we can choose c 1 " 1 3 log 2, and c 2 " 6 log 2. Erdős [3] proved the following inequality in 1932.
Lemma 2.2 (Erdős).
plog 2q¨x log x ă πpxq ă p2 log 2q¨x log x ,
for all x ě 3.
The original proof by Dirichlet in 1837 used the characters of finite abelian groups and L-seires. In this section we give an alternative method to prove the theorem of Dirichlet. Theorem 2.3 (Dirichlet, 1837 [4, 5] ). For any two positive coprime integers a and d, there are infinitely many primes of the form a`nd, where n is a non-negative integer.
Proof. First, for the convenience, we just copy the figure from [2] here. We look at the columns of Figure 2 , LpP 7 q " 7¨5¨3¨2 " 210. Thus, the columns consist the arithmetic progressions:
where a i P M such that the set tx i0k | x i0k " a i0`p k´1q210u contains infinitely many primes since there are infinitely many primes. Suppose that all a j P M
But every pattern P pm has skip 2. In fact by Theorem 1.3, there are p3´2qp5´2qp7´2q¨¨¨pp m´2 q gaps of skip 2 in P pm . We can choose some of the corresponding pair of composite numbers in P pm which are located in the adjacent two columns denoted by L u and L v . Here u, v P M p0q 7
and v´u " 2. Note that there are 15 " p3´2qp5´2qp7´2q gaps of 2 in D 7 . And the same number of gap 4 in D 7 . Hence, we can assume that L u and L v are not the column passing through a i0 .
Since every two odd composite numbers with gap 2 are coprime, the elements at the same level of L u and L v (i.e., they are the form like u`210pk s´1 q and v`210pk s´1 q) have different prime divisors.
Hence, without loss of generality, we can choose L u and L v such that on them there are at least During the process of the elimination by the primes, we should take into account the composite numbers with same prime divisors. Note that the largest value of the red points is greater or equal than 210¨ˆ1 15
Thus we should have the following inequality 
By Merten's estimates [6] in Lemma 3.1, we have
log p m¨e´γ log p m`k ą 13 e 2γ log p m¨X log a X{2
ą 26 e 2γ log p m¨X log X .
It will violate the inequality (2) if the prime number p m satisfies 26 e 2γ log pm ě 2 log 2 due to the inequality (2.2).
Note that e γ « 1.78107241799 [7] . Let p m ď e 5.9 « 365.04, then we will have 26 e 2γ log p m ą 2 log 2.
If p m ą e 5.9 , we change M 7 to some M pn with longer period. Then the coefficient in (1) will be ś n i"1 p i { ś n i"2 pp i´2 q. Next we follow the same arguments. In detail, equation (1) becomes
And (2) becomes
such that the set tx j0k | x j0k " a j0`p k´1q ś n i"1 p i u contains infinitely many primes.
In fact by above argument we have proved that each line of the pair L u and L v with gap 2 or 4 in the table about M pn contains infinitely many primes.
Obviously, it infers that each line of the pair L u and L v with gap 2 or 4 in the table about M 7 (see Figure 3) contains infinitely many primes. And it also true that for the table of M 3 and M 5 . Therefore, since the bigger gap such as 6 comes from add 2 and 4, we conclude that the pair lines L u and L v with gap 6 also both contains infinitely many primes.
Therefore, every column tx jk | x jk " a j`p k´1q ś n i"1 p i u (the j-th column) contains infinitely many primes. Here n " 1, 2, 3, . . ..
By using the same idea, we can prove that if fix one of rows of the block M 7 in Figure 2 , then the set
also contains infinitely many primes. For the general arithmetic progression A :" tak`d | k P Nu, pa, dq " 1. First we can choose suitable p k such that d or ah`d belongs the set M p k for some h. Then fix this p k , considering the similar rectangle as Figure 2 . We consider the subset Thus it contains infinitely many primes. It completes the proof of the theorem of Dirichlet.
Estimation of the prime counting function in special cases
In M p0q pm , there are T pm elements in it. Then after deleting the numbers of the form p i h, i " m`1, m`2, . . . , m`K, the left are all prime numbers. Here we assume p m`K is the largest prime number which is less than or equal to X :" LpP pm q " 1`ś 
